
W = c[~d. (4.3) 

Using the re la t ion  (4.2) and the resul ts  in [5], one finds that the formula  (4.3) for an additively com-  
press ib le  medium assumes  the fo rm 

W = (c cos (F -- ~ sin T){[u] ~ -',- [v]~'}l/~ -~ (~[v]. 

By employing theorems  on ext remals  the lat ter  express ion  can be used to find upper bounds for l imit  
loads in the case  of motion of granular  mate r ia l s  subjected to high p re s su re s .  

1. 

2. 

3. 
4. 
5. 
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D Y N A M I C  D E F L E C T I O N  OF S T I F F L Y  P L A S T I C  R E S T R A I N E D  

C I R C U L A R  P L A T E S  W I T H  T H E  E F F E C T S  OF  S H E A R  A N D  

R O T A T I O N A L  I N E R T I A  T A K E N  I N T O  A C C O U N T  

Y u .  V. N e m i r o v s k i i  a n d  A. R.  S k o v o r o d a  UDC 539.38.384.2+539.38.386 

Upon the act ion of t rans ient  dynamic loads of high intensity, a la rge  par t  of the internal  energy supplied 
to a s t ruc tu re  can be dissipated into the work  of plast ic deformations p r io r  to the s t ruc tu re  being des t royed or 
rece iv ing  inadmiss ible  res idual  deformations.  Approaches based on the model of a stiffly plast ic  body have 
found wide application for the solution of the corresponding problems based on es t imat ion of the extent of dam-  
age to s t ruc tu res  f rom the action of "explosive" loads. A detailed review of Soviet and foreign r e s e a r c h  con-  
ducted in recen t  yea r s  in this a rea  is given in [1]. Exper imental  investigations conducted in a number of papers  
[2-4] have revea led  that the values of the res idual  deflections and rotat ion angles measured  in the experiments  
turn  out to be appreciably  less than the theore t ica l  values,  amounting to approximately 20-80% of them. This 
d i sc repancy  is explained by the effect of a number of factors  which are  not taken into account in the theory 
mentioned above. In par t icu la r ,  the effect of rotat ional  iner t ia  and the l imitedness  of r e s i s t ance  to t r a n s v e r s e  
shears  is not taken into considera t ion in all investigations known up to now. A theory  of the dynamic deflection 
of c i r cu la r  plates made of a stiffly plast ic mater ia l  is developed in this paper  which takes account of rotat ional  
iner t ia  and the reduced r e s i s t ance  to t r a n s v e r s e  shear .  It is shown that the nature of the dynamic behavior and 
the energy diss ipat ion mechan i sm in the case  of plast ic deformations is significantly different  in this case  than 
in the theor ies  mentioned above. 

w 1. We will consider  the ax i symmet r i ca l  deformat ion of a c i r cu la r  plate made of an ideally stiffly plast ic 
mater ia l .  We will a s sume  the following kinematic hypotheses of the deformat ion of the plate (in the cylindrical  
coordinate  sys t em r ,  ~, z tied to the median surface):  

u, zu(r, t), u~ ~ 0, us = W(r,  t), 

where ur,  u O and Uz are  the components of the displacement  vector  and t is the time. Using Lagrange ' s  va r i a -  
tional pr inciple  in combinat ion with the d 'A lember t  principle,  we obtain, respect ive ly ,  the equations of motion 
of the plate 

(~/3) ;~ = , , ;  ~ x - '  (ml --  ms) --  ql 4- % '~; = q' i z-~q + P (1.11 

Novosibirsk, Barnaul. Translated from Zhurnal Prikladnoi Mekhaniki i Tekhnicheskoi Fiziki, No. 2, 
pp. 124-133, March-April, 1978. Original article submitted December 17, 1976. 
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and the  boundary  condi t ions  at the  edge x : xj 

[( )]1 :-~ O~ 5u ,nhnJ - -  l -'~ -~'f q~d~: -~=-~ 

w h e r e  

[( 
- - i  x = x  I 

l i 

~, = j' ~ , : d :  (L = ~, 2), q = j" ~ , ,d: ;  
- - i  - - 1  

p = (p+ + p ; )  R (oj t ) - ' ;  ~ = ( p + -  pT) R ( o j 0 - ' ;  
= z H 1 ;  x = rR-~; l = R H - I ;  w = W H - I ;  

r = RPr(rJ)(~oH)-X; Pl  = RPz(r~) (a~r t ) - ' ;  

.s = %t~(2pHR)  -~. 

H e r e  m t, m 2 a r e  the  d i m e n s i o n l e s s  r ad i a l  and c i r c u m f e r e n t i a l  bending m o m e n t s ;  q is the  d i m e n s i o n l e s s  i n t e r -  
d= • s ec t i ng  f o r c e ,  2H is the p la te  t h i cknes s ;  R is i ts r ad iu s ;  P z ,  P r  a r e  the  componen t s  of  the  s u r f a c e  load at 

the  s u r f a c e s  z = •  of  the  p la te ;  P r ( r j ) ,  Pz( r j )  a r e  the  componen t s  of  the  load at the edge r = r j ,  ~ r ,  ~v, ~ rz  
a r e  the  s t r e s s  c o m p o n e n t s ;  ~0 is the  y i e l d  s t r e s s  o f  the  p la te  m a t e r i a l ;  p is the  spec i f i c  dens i ty ;  and nj is  the  
d i r e c t i o n  cos ine  of  a s m a l l  a r e a  on the con tour  xj. A d e r i v a t i v e  wi th  r e s p e c t  to the d i m e n s i o n l e s s  coo rd ina t e  
x is denoted  by a p r i m e ,  a d e r i v a t i v e  wi th  r e s p e c t  to the  d i m e n s i o n l e s s  t i m e  T is denoted  by a dot ,  and 5 d e -  
notes  the  s ign  of the  va r ia t ion .  

Le t  us a s s u m e  tha t  the p la te  m a t e r i a l  is ideal  s t i f f ly  p l a s t i c  m a t e r i a l  wh ich  sa t i s f i e s  in the  space  m~, 
m2, q the  p l a s t i c i t y  condi t ion  in the  f o r m  of the  T r e s c a - S t .  Venant p r i s m  (Fig. 1) and the p las t i c  flow law 
a s s o c i a t e d  wi th  it ,  

of~ 0/~ (i = 1, 2, n = t - -  8), (1.2) 
h = l  = 

w h e r e  

{ ~, = ~;,,; ~1, = u(~, ~) + l - % '  (x, ~); 

Xk>0,  ff /h = t ,  d/~. = 0 ;  

k h = 0 ,  ff / h < i ,  or f ~ = l , b u t  d f k < O ,  

(1 .3)  

and t h e  equat ions  

fk = akml  + b~m', ~- ckq = I (k  = t ,  2 . . . . .  n) 

d e t e r m i n e  the  equat ions  of  the  f aces  of  the  y ie ld  su r f ace .  The  p r i s m  used  can s e r v e  as a suf f ic ien t ly  s a t i s -  
f a c t o r y  a p p r o x i m a t i o n  in m 1, m 2, q s p a c e  to  the  p las t i c i ty  condi t ions ,  wh ich  a r e  known f r o m  [5-8].  The  p a r a m -  
e t e r s  a k, b k,  and c k a r e  s e l e c t e d  f r o m  the  condi t ion  tha t  the  p r i s m  length  be  equal to twice  the  load of  the  
s h e a r  r e s i s t a n c e  of  the  p la te ,  and the  T r e s c a  hexagon  l ies  at the  b a s e  of  the p r i s m  in m 1, m 2 s p a c e  [4, 9]. 

At the  ins tan t  T = T 0 we  have  the  ini t ia l  condi t ions  

u(x,  ~o) = uO(z), u(x, ~o) = u~ [v(z,%) =/v0(~),  w(x, ~0) - w~ (1.4) 

The cont inui ty  condi t ions  

[ul = [w] = [roll = [qt = 0 (1.5) 

should  be  sa t i s f i ed  on the  p la te  bounda r i e s  s e p a r a t i n g  the  p la s t i c  modes  and c o r r e s p o n d i n g  to the  va r ious  faces  
o r  edges  of  the  y ie ld  s u r f a c e  used.  

w In the  c a s e  of  a r e s t r a i n e d  p la te  unde r  the  ac t ion  of  an impu l se  u n i f o r m l y  d i s t r i bu ted  ove r  i ts  s u r -  
f ace ,  the  bounda ry  condi t ions  a r e  of  the  f o r m  [9] 

q(0, ~) = 0, m~(0, ~) = - - i ,  (2.1) 

m~(~, T) = i ,  ~'(i, ~) = O. 
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Since we also have m2(0, T) = - 1 due to symmetry, and q(x, T) is an increasing function of x (at least in the 
vicinity of the center) for the type of loading under discussion, the trajectory of the plastic states on the yield 

surface has the shape of the curve abcd in Fig. I. In accordance with this, in the general case plastic modes 

corresponding to the 3, 9 edge [in the region 0 -< x _< a(T)], the 2, 3, 9, 8 plane [in the region a(T) _< x _< b(~-)], 

and the I, 2, 8, 7 plane [in the region b(T) _< x _< I] are realized in the plate. Then in accordance with (i.i)- 
(1.3) we have {(.~ ~ - m l  (x ,  ~) = l ,  f ~ - ~  - m .  (x ,  ~) = t ,  

u (x, "~) = - -  31q (x, T), w = p (T) @ x - ~ q  (x, "~) + q' (x, ~); (2.2) 

q" -~ x - l q  ' - -  q(x -~ + e 2) -" 0, e 2 ---- 312 (2.3) 

in the r e g i o n  0 _< x <_ a(T). Consequen t ly ,  taking (1.4) and (2.1) into account ,  we obta in  

q(x, "~) := Cl(GI1(ex); (2.4) 

{~t (x, ~) = --  31CuI1 (ex) -~- u ~ (x), 

iv (x, T) = I + e C u I  o (ex) ~- w ~ (x); (2.5) 

u (x: "c) = - -  31C1~I1 (ex) + ('c - -  "co) ~o (x) § u ~ (x), 

w (x, "c) = J 4- eC lJo  (ez) + ('~ - -  "%) w ~ (x) + w ~ (x), (2.6) 

Te ~o TO 

C~ = -t' Cn (~) d~. i0 (g) = dl~du (y) + y-~I~ (g), 
Te 

where I1~) is the Bessel function of imaginary argument. In accordance with the p l ~ t i c i t y  condition and the 
plas t ic  flow law (1.2), the so lu t ion  under  d i s c u s s i o n  for  the 9, 3 mode  in Fig.  1 is r e a l i z e d  upon s a t i s f a c t i o n  
of the inequal i t ies  

- -a  ~ q(x, "0 ~ o~, u'(x, "c) ~ O, u(x, "~) ~ 0 ( 2 . 7 )  

(0 ~ x ~ a("c), T > %). 

In the r e g i o n  a(~) _ x __< bff) we  have  f r o m  the  equat ions  of mot ion ,  the p las t i c i ty  condi t ion ,  and the p las t ic  
flow law (for the  3, 2, 8, 9 face  in Fig.  1) 

m~ := - - 1 ,  ela =: 0 ,  • = 0 ,  • = 0; ( 2 . 8 )  

u(x, ~) =: ](a, ~), w(x, ~) = - - I f (a ,  ~)(x - -  a) -',- g(a, z); (2.9) 

C q (x, ~) = (6x) - I  {6a (~) C~ (z) I~ (ex) + 

I + (x  _ o) ( x  + o) + _ _ ( x  _ a)  + o) ,]}," ( 2 . 1 0 )  

m~ (x, ~) = (lZx) - t  {2 [(x: - -  a:) ] + 6 (x - -  a) alC~I~.(ae) - -  6x l 

! @  l (x - -  a) ~ [2 (x -~- 2a) (g ~ la] - -  p)  - -  l (x ~ - -  a ~) f]}, 

w h e r e  ](a, "r) =:: ~~ - -  3lC~tI~(as); 

~l(a, ~c) ...... aOit~ - -  3lCJ~(ae)  - -  3leaCa~ [ Io (ae ) -  (ae)-~I~(ae) ]; 
II  

g(a," 0 : [ -~- w~ -+- eC~fo(ae); 

Upon in t eg ra t i on  the equa t ion  m~(a ,  T) = --1 was  taken  into accoun t  due to  the cont inui ty  condi t ions  (1.5) at the 
boundary  x = a. The  p las t i c  mode  (3, 2, 8, 9 in Fig. 1) is val id upon s a t i s f a c t i o n  of the inequal i t ies  

[~(x, ~) ~ O, 0 ~ m~(x, "~) ~ --~ (2.11) 

( a ~ x ~ b, "~ ~- "Co). 

A plas t i c  s ta te  c o r r e s p o n d i n g  to the 1, 2, 8, 7 p lane  in Fig. 1 is r e a l i z e d  in the  r eg ion  b(~) :~ x _< 1. 
F o r  this  s t a te  we have 

m t -  m~ --: I, eh~ =- O, • @ • = O; (2.12) 
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w h e r e  

• ~ O, "/.,_ ~< O, 0 <~ rot(x, ~ ) <<. t ;  

s  ~) := b (~) / (a, ~) m --~, 
w (x, "~) , :  - -  tb (~) ] (a, x) In ( •  -~- g (a, ~:) - -  l(b - -  a) 1 (a, ~); 

q (x, ~) = (4x) -~ {4bq (b, ~) -k 2(x:  - -  b ~) (i" - -  p) - -  

--- l (h i  -L b})  [2 ( x  2 In  x - -  b * In  b) - -  x*  ~ -  b~]},  

, ~ (x, ~) = (Di = ib) {l(2 In b - -  l) b*e* - -  41 In (xb - l )  %- 

%- e ~ (x ~ - -  b *) - -  e ~- (x * I n x  - -  b ~ Inb)}  %- t2 [blq (b, "~) - -  l] • 

• - -  - ' )  + x - -  

( 2 . 1 3 )  

( 2 . 1 4 )  

( 2 . 1 5 )  

~'(~) :.-_~T(a. ~) - -  la.[--- ~(b - -  a):/(a. T) -~- l(b:i %- bi) I n b .  (2.16) 

At  t he  s a m e  t i m e ,  d u e  to  t h e  c o n t i n u i t y  c o n d i t i o n s ,  i t  is  t a k e n  in to  a c c o u n t  d u r i n g  i n t e g r a t i o n  t ha t  

ml(b, ~) ::::= 0. (2.17) 

S i n c e  due  to t h e  l a s t  of  t h e  b o u n d a r y  c o n d i t i o n s  (2.1) w e  h a v e  w(1 ,  T) = 0 fo r  7 -> 70, t h e n  ~ ( 1 ,  7) ~ 0 w h e n  
7->  70, i . e . ,  F(T) ~ 0. U s i n g  t h i s  e q u a t i o n ,  Eq.  (2.17),  t he  b o u n d a r y  c o n d i t i o n  ml (1  , 7) = 1, and  Eqs .  (2.10),  
(2.14),  (2.15),  and  (2.16) f o r  t h e  d e t e r m i n a t i o n  of  t h e  f u n c t i o n s  a(T),  b(~),  a n d  Cl~, w e  o b t a i n  t he  f o l l o w i n g  s y s -  
t e m  of  d i f f e r e n t i a l  e q u a t i o n s :  

~la @ li~lb -~- ~ =~ dl' (2.18) 

w h e r e  

% = = - - l ( b - - a - - b l n b )  L 0: 3 ~ o , ~ j ,  

~1 = [l In  b, oh - -  e [Io (ae) -~- e (b - -  a - -  b In b) I1 (ae)l; 

i Ou~ (a) - -  31Cll ~ ] " ~.. -= l -~ (b ~ a) [2 - -  I * (b - -  a)2l L Oa 

(% = (b - -  a) {2e (b - .  2a) I0 (as)i-[e" ( b2 - -  a2) - -  611~ (as)}; 

3 6 r  i - e ~ - b ~ ( l n b - - l ) } - -  ~ 2 ( b - - a ) ~ ( 2 b  i a ) l } t - - ~ a  3lC~1 , (2.19) 

t253 = / { e ~ ( !  - - b  ~) - -  2[2 @- egb~- (in b - -  l ) ] l n  b}; 

t 2 %  = l [{[ 12 (b - -  a) -4- 2e 2 {3b 3 In b - -  (b - -  a)" (2b =- a) - -  3ba}l I n b  - -  3eeb (t - -  b2)} I1 (as) - -  6e (b 2 - -  a ~) I 0 (as) tn  bl; 

d~ . . . .  p(~); d~ -~ 12b [l(b - -  a) 1-~; 

4d 3 = /(2b2 ]n b ~- I - -  b~)p(~) - -  4( in b - -  t).  

Le t  a = 0,  b = 0, and  l e t  no  a c c e l e r a t i o n s  ii, W b e  p r e s e n t  i n  t h e  r e g i o n  0 --- x _ a a t  s o m e  i n s t a n t  of t i m e .  One  
c a n  c o n v i n c e  o n e s e l f  f r o m  E q s .  (2 .2 ) ,  (2.5),  (2.9),  and  (2.18) t h a t  t h i s  s i t u a t i o n  i s  p o s s i b l e  o n l y  w h e n  a = 0 and  

p - - p .  = - -  6 (lbe.) -~ ,  (2.20) 

w h e r e  b .  i s  d e t e r m i n e d  f r o m  t h e  e q u a t i o n  

2 b ~ ( i - - l a b , ) = 3 ( l - - b ~ )  (b. ~ 0.73). (2.21) 

E q u a t i o n  (2.20) d e t e r m i n e s  t h e  a m p l i t u d e  of t he  l i m i t i n g  l oad  fo r  a r e s t r a i n e d  p l a t e  [9]. One  c a n  v e r i f y  
by  u s i n g  E q s .  (2.2), (2.5),  (2.9), (2.14),  (2.20),  and  (2.21) t h a t  a t  t he  i n s t a n t  of  t i m e  at  w h i c h  a = 0, b = b , ,  
h = 0 ,  a n d d = 0 ,  w e  a l s o  h a v e u = i i = ~ = ~ = 0  fo r  a l l 0 _ < x _ < l .  

T h u s ,  the  m o t i o n  u n d e r  d i s c u s s i o n  c a n  a r i s e  on ly  i n  the  c a s e  of  l o a d s  e x c e e d i n g  the  l i m i t i n g  v a l u e  p . .  
T a k i n g  r o t a t i o n a l  i n e r t i a  in to  a c c o u n t  r e s u l t s  i n  a s i g n i f i c a n t l y  d i f f e r e n t  m e c h a n i s m  of e n e r g y  d i s s i p a t i o n  t h a n  
i n  t h e  c l a s s i c a l  s o l u t i o n  [9]: H e r e  the  p l a s t i c  z o n e  in  the  v i c i n i t y  of the  c e n t e r ,  for  w h i c h  m~(x, r) = m2(x, 7) = 
- 1 ,  e x i s t s  f r o m  th e  s t a r t  of  the  m o t i o n  and  u n t i l  i t s  c e s s a t i o n .  T h i s  f ac t  r e s u l t s  i n  s i g n i f i c a n t l y  m o r e  i n t e n s i v e  
e n e r g y  d i s s i p a t i o n  d u r i n g  p l a s t i c  d e f o r m a t i o n s  and  s h o u l d  l e a d  to an  a p p r e c i a b l e  l o w e r i n g  of the  l e v e l  of r e s i -  
d u a l  d e f l e c t i o n s .  The  l a t t e r  a r e  d e t e r m i n e d  by  t he  i n t e g r a t i o n  of  Eqs .  (2.5),  (2.9), and  (2.14) o v e r  t i m e .  
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The  m a x i m u m  r e s i d u a l  d e f l e c t i o n  at  t he  c e n t e r  of the  p l a t e  is  equa l  to  

wl (0, ~/) = w~ (0) + w~ (0) (~j - -  1:o) + J (~S) + ~ S c~1 (~) d~, (2,22) 
SO 

w h e r e  7f is  the  s t o p p i n g  t i m e  of the  p l a t e ,  w h i c h  is  d e t e r m i n a b l e  f r o m  the  equa t ion  a(~-f) = 0. We o b t a i n  the  
i n i t i a l  cond i t i ons  a 0 = a(T 0) and b 0 = b(T 0} n e c e s s a r y  for  i n t e g r a t i o n  of the  s y s t e m  (2.18) f r o m  (2.18) at  "r = Y0. 

The  s o l u t i o n  d e r i v e d  in th i s  s e c t i o n  o c c u r s  upon s a t i s f a c t i o n  on the  s e g m e n t  0 -_ x _< 1 and d u r i n g  the  t i m e  
T O <_ ~ _<~f of  t he  i n e q u a l i t i e s  (2.7), (2.11), and (2.13). One c a n  v e r i f y  tha t  a l l  t h e s e  i n e q u a l i t i e s  a r e  fu l f i l l ed  
e x c e p t  q(x,  ~) _< ~ .  The  func t ion  q(x,  T) i s  m o n o t o n i c a l l y  i n c r e a s i n g  w i th  x ,  in a c c o r d a n c e  wi th  the  d e r i v e d  s o l u -  
t ion .  T h e n  the  e q u a t i o n  q(1,  T1) = a d e t e r m i n e s  when  s h e a r  of  the  p l a t e  a t  t he  s u p p o r t  i s  p o s s i b l e  in  t he  c a s e  of  
a n o n d e c r e a s i n g  load .  In t h i s  c o n n e c t i o n  the  s o l u t i o n  d i s c u s s e d  above  is va l id  in the  t i m e  i n t e r v a l  v 0 <_ T -< T 2, 
w h e r e  T2 = m i n  (Tf, T1) and I p(T)l --> I p .  I. If t he  l oad  d e c r e a s e s  f r o m  the  i n i t i a l  i n s t a n t  of  t i m e  ~ = ~0, then  we  
d e t e r m i n e  the  v a l u e s  of  ao, b o, C~ 1 = C1~(70), and t h e  d e p e n d e n c e  of  the  p e a k  of  t he  s h e a r i n g  load  on l ,  i . e . ,  
p* (l), f r o m  the  s y s t e m  of  equa t ions  (2.18) a t  T = T 0 in  c o m b i n a t i o n  w i th  the  equa t ion  q(1,  To) = ~ o r  the  r e l a t i o n  

2[ oq (b0, - ( t  - b0 ) p ( 0)1 . -  z( 1 + / b )  + - = ( 2 . 2 3 )  

Then  t h e  s o l u t i o n  u n d e r  d i s c u s s i o n  i s  v a l i d  upon s a t i s f a c t i o n  of the  i n e q u a l i t i e s  

In the  c a s e  [ p , [  = I p(T0) l = I p*l we  e v i d e n t l y  have  a(T 0) = ~)(T 0) = a(~ 0) = 0 and b ( r  0) = b , .  Then  f r o m  (2.23) we 
o b t a i n  

[P* I = 2u and l = I ,  = 3 (abe) - i .  

One c a n  v e r i f y  tha t  I p* (l) l >- ! p ,  I i f  l _> l , ,  and lira [ p :  I = co. 
l -)-ao 

w If t he  p e a k  of  the  (non inc reas ing )  l oad  e x c e e d s  t he  v a l u e  I p**t, t hen  the m o t i o n  of  the  p l a t e  o c c u r s  w i th  
t h o s e  s a m e  p l a s t i c  m o d e s  as  in  Sec.  2 w i th  s h e a r  a t  the  edge .  The  l a t t e r  s i t u a t i o n  r e s u l t s  in the  f ac t  t ha t  in  th i s  
c a s e  one shou ld  u s e  t he  b o u n d a r y  c o n d i t i o n  q(1,  T) == ~ i n s t e a d  of  the  b o u n d a r y  c o n d i t i o n  w(1,  ~-) = 0. Then the  
s o l u t i o n  of t h e  p r o b l e m  is  a g a i n  d e t e r m i n e d  by  Eqs .  (2.2)-  (2.6), (2 .8)-  (2.10), (2.12)-  (2.14), (2.18), and (2.22), 
the  only  d i f f e r e n c e  b e i n g  tha t  t he  c o e f f i c i e n t s  ~2, :~ and d 2 of the  s y s t e m  (2.18) m a i n t a i n  t h e i r  v a l u e s  f r o m  
(2.19), but  one  shou ld  r e p l a c e  t he  c o e f f i c i e n t s  ~ ,  r ~1, d l ,  ~3, ~ ,  w3, and d3 in  th i s  c a s e  by the  c o e f f i c i e n t s  
~ ,  Stt ,  co~t, d~t, ~3~, r  w3~, and d3a, r e s p e c t i v e l y ,  w h e r e ,  

t 2 e ~ - - - - l [ 3 b ( 2 1 n b +  i - - b ~ ) - - 2 ( b - - a ) ( 3 - - a ~ - - a b - - b ~ ) ]  L aa ~tC'~j, (3.1) 

4 ~ h ~ = f l ( 2 i n b  + i - - b ~ ) ,  ~ 2 o ) ~ = 6 e ( l - - a ~ ) I o ( a e ) - ~  [~(ae){12a + 

+ e ~ [2 (b - -  a) (3 - -  a ~ - -  ab - -  b ~) - -  3b (2 In b + i - -  b~)]}; dax -= c~; 

i2%~ = i2% ~- ez/In b(t - -  b ~ + 2b ~ In b), 

40)a~ = 4~oa + l(i  - -  b ~ + 2b z In b)[e~(b - -  a - -  b In b)Ix(ae) + sI0(ae)]; d~ - I - -  In b. 

As  is  e v i d e n t  f r o m  t h e s e  e q u a t i o n s ,  the  c o e f f i c i e n t s  and the r i g h t - h a n d  s i d e s  of  Eq. (2.18) do not depend  in  th is  
c a s e  on the  f o r m  of the  l oad  p(~),  i . e . ,  a v a r i a t i o n  of the  load  in the  c a s e  of m o t i o n  of a p l a t e  w i th  s h e a r  a t  the  
s u p p o r t  i s  not  e x p r e s s e d  in  the  n a t u r e  of  the  v a r i a t i o n s  of  the  p l a s t i c  s t a t e s  i n s i d e  t he  p l a t e  but  is  e x p r e s s e d  
only  in a v a r i a t i o n  of  i t s  d i s p l a c e m e n t s  and v e l o c i t i e s .  
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W e  have  le13 = f '  + l{a = 0 and ~.2 = (/x)-~u -< 0 in  the  s e c t i o n  0 _< x _< 1 f r o m  the  l aws  of p l a s t i c  flow. Thus 
vr _> 0 in  the  e n t i r e  p l a t e ;  s i n c e  a t  the  s a m e  t i m e  f _< 0, t hen  e v i d e n t l y  the  s m a l l e s t  a b s o l u t e  va lue  of  t he  d e -  
f l e c t i o n  v e l o c i t y  is  a t t a i n e d  at  the  suppor t � 9  Thus  the  s t o p p i n g  t i m e  T3 of the  m o t i o n  w i th  s h e a r  be ing  d i s c u s s e d  
i s  d e t e r m i n e d  f r o m  the  equa t ion  w(1,  T 3) = 0 o r  [g(a,  r)  -- l f (a ,  r ) ( b - a  - b l n b ) ] ~ = r 3  = 0. The  s u b s e q u e n t  m o t i o n  
(T > T 3) of  t he  p l a t e  i s  c o m p l e t e l y  d e t e r m i n e d  by the  r e l a t i o n s  g iven  in  Sec.  2 i f  one r e p l a c e s  e v e r y w h e r e  ro by 
r 3 and {1~ fr~ u~ and w~ by the  q u a n t i t i e s  {a(x, r3), f ( x ,  r3), u(x,  z3), and w(x,  r3), r e s p e c t i v e l y .  
The  s t o p p i n g  t i m e  T4 of  th i s  p h a s e  of t he  m o t i o n  i s  e v i d e n t l y  d e t e r m i n e d  f r o m  the  equa t ion  a(T 4) = 0. The  p r o -  
c e d u r e  f o r  s o l u t i o n  of  t he  p r o b l e m  is  c o m p l e t e l y  i d e n t i c a l  to  t ha t  d e s c r i b e d  in  Sec.  2. 

w The  c a s e  of  m o t i o n  of a s t i f f  p l a t e  w i th  s h e a r  at  t he  s u p p o r t  is  p o s s i b l e .  In  th i s  c a s e  ~ l (x ,  T) = ~2(X, 
~) = e13(X, r) = 0. Thus  u(x,  r)  = 0 and f ' ( x ,  r )  = 0, i . e . ,  f ( x ,  r)  = c( r ) .  T h e n w e  ob t a in  

2q(x, "c) = x (b ' - -  p) 

f r o m  the  s e c o n d  equa t ion  of  m o t i o n  (1.1) w i th  the  b o u n d a r y  c o n d i t i o n  q(0,  T) = 0 t a k e n  into  account .  T a k i n g  
accoun t  of  t he  e q u a t i o n  q(1,  r)  = c~, w e  o b t a i n  

w = I + 2a(~ - -  "Co), w = J --r a(x  - -  "co) 2 (4.1) 

in  t he  c a s e  of nul l  i n i t i a l  c o n d i t i o n s .  The  s t o p p i n g  t i m e  r 5 is  d e t e r m i n e d  f r o m  the  equa t ion  

I('r~) -}- 2a(xn - -  to) = O, 

and the  m a x i m u m  r e s i d u a l  d e f l e c t i o n  i s  equa l  to  

The  m o t i o n  u n d e r  d i s c u s s i o n  o c c u r s  when  I p I > I p**l ,  w h e r e  p** is  d e t e r m i n e d  f r o m  the  equa t ion  ff = 0, so  tha t  

p**  = - - 2 a .  

The  c o n d i t i o n  t ha t  the  p l a t e  r e m a i n  s t i f f  a long  the  s e c t i o n  0 <_ x _< 1 c o r r e s p o n d s  to  t he  r e q u i r e m e n t  I p**l < I p .  I 
o r  l _< l . .  W e  no te  tha t  i f  one s e t s  a = 13 = a = 0 in t he  s y s t e m  of  equa t ions  (2.18), w i th  the  c o e f f i c i e n t  r e p l a c e -  
m e n t s  i n d i c a t e d  in  Sec.  3 by  the  q u a n t i t i e s  f r o m  (3.1) t a k e n  into accoun t ,  t hen  one ob ta in s  l = / . ,  b :-- b . ,  and 
eC l l  = 2~ f r o m  th i s  s y s t e m .  Subs t i t u t i ng  t h e s e  v a l u e s  in to  Eqs .  (2.5), (2.9), and (2.14) w i th  the  null  i n i t i a l  c o n -  
d i t i ons  {l~ = 0, vc~ = 0, u~ = 0, and  w~ = 0, w e  o b t a i n  Eqs .  (4.1). Thus  the  s o l u t i o n s  of  t h i s  and the  

p r e c e d i n g  s e c t i o n  a r e  c o m p l e t e l y  j o i n e d  at  l = l . .  

Thus ,  in  the  g e n e r a l  c a s e  fou r  s t a t e s  a r e  p o s s i b l e  fo r  a r e s t r a i n e d  p l a t e  u n i f o r m l y  l o a d e d  by a d i s t r i b u t e d  
i m p u l s e  w h i c h  a r e  i n d i c a t e d  s y s t e m a t i c a l l y  in  F ig .  2 [a) f ixed  s t i f f  p l a t e ;  b) the  m o t i o n  of  a s t i f f  p l a t e  wi th  s h e a r  
a t  t h e  s u p p o r t ;  c) m o t i o n  of  a d e f l e c t e d  p l a t e  w i thou t  s h e a r  a t  t he  s u p p o r t ;  d) m o t i o n  of a d e f l e c t e d  p l a t e  wi th  
s h e a r  a t  the  suppor t ]  as  a func t ion  of the  s t i f f n e s s  p a r a m e t e r  l of t he  p l a t e  and  the  va lue  of  t he  p e a k  load.  

w The  s o l u t i o n  expounded  a b o v e  fo r  a r e s t r a i n e d  p l a t e  w i l l  o c c u r  fo r  a h i n g e - s u p p o r t e d  p l a t e  wi th  the  
b o u n d a r y  c o n d i t i o n  ml (1 ,  r )  = 0 i f  one d i s c a r d s  a l l  the  f o r m u l a s  on the  s e g m e n t  b -<. x _< 1 but  a s s u m e s  b - 1 
fo r  t he  f o r m u l a s  on the  s e g m e n t  a _< x _ b and s e t s  f ( b ,  r) = f ( 1 ,  r)  = 0 in  the  a b s e n c e  of  s h e a r  and q(b,  r)  = 
q(1,  T) = a o r  in  the  c a s e  of  m o t i o n  wi th  s h e a r .  I t  is  n e c e s s a r y  in t he  s y s t e m  (2.18) to  d i s c a r d  the  t h i r d  e q u a -  
t ion.  In  add i t i on ,  one  shou ld  a l s o  s e t  b ,  = 1 in  the  e x p r e s s i o n  for  l . .  F o r  th i s  c a s e  the  c u r v e s  i l l u s t r a t e d  in 
F ig .  2 a r e  e x a c t  fo r  t he  p a r a m e t e r  v a l u e  c~ = 2 / ~ . .  T a k i n g  into  accoun t  wha t  has  b e e n  s a i d ,  we  w i l l  c i t e  h e r e  
only  t h e  f o r m u l a s  w h i c h  d e t e r m i n e  the  r e s i d u a l  d e f l e c t i o n  of the  p l a t e  in  t he  c a s e  of m o t i o n  wi thou t  s h e a r  wi th  

nul l  i n i t i a l  da ta :  

x! 

w ( x ,  x f ) = J ( t t ) - L - e  t ' A ( x , x )  A a I ( t ) d x  for x ~ a  o and 
0 

T, xl  

w (x, i t )  = J (xl) q- eoI 0 (x8) J" C o ( t)  d'~ -1- e S A (x,  t )  A I I  ( , )  d t  for x -~ a 0. (5.1) 

H e r e  
A ( x ,  T) = lo(ae) ~, e(x - -  a)I i(ae);  A1 = A- l (  t ,  x); 

~-f i s  t he  s t o p p i n g  t i m e ,  w h i c h  i s  d e t e r m i n a b l e  f r o m  the  e q u a t i o n  a ( r f )  = 0 ,  T 6 i s  d e t e r m i n e d  f r o m  the  equa t ion  

a(r6) = x ,  and a(T) i s  found f r o m  the  equa t ion  

Iq~  = d, (5.2) 

w h e r e  
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q> = { I o ( a e ) [ e * ( t  - -  a) = (3a + t) + 0(t + a)l + t2ae(l - -  a)Ii(ae)}[Io(as)-- (ae) - I  I1(a~)l; 

d = A,[t21-1(t - -  a) -1A,  + Ps-~( t - -  a) {28(1 + 2a)lo(as) + [8'~(t --  a s) --611~(a8)}1. 

The  init ial  va lue  a 0 = a(0) is d e t e r m i n e d  f r o m  the  equat ion  

t2A, (a0) 81 - i  + P0 (i - -  ao)~ {28 (t + 2a 0) !0 (a08) + [e~ ( t  - a~) - 6] I~ (ao8) } ---- 0 (5.3) 

(P0 = p (0)), 

whence  it is evident  tha t  a0 ~ I as  P0 -"  -oo o r  l - -  co and a 0 -* 0 as P0 -" P* = - 6 l - 1 .  

Equat ions  (5.1)-(5.3) o c c u r  for  a non inc rea s ing  load if the  ampl i tude  of the load sa t i s f i e s  the  inequal i ty  

Pr > Pc > P:, 

w h e r e  p* is d e t e r m i n e d  f r o m  the  equa t ion  

p:  [ 6 a J i  (aoS) + 3 ( i  - -  a~) 8I o (a08) + ~ (i --a0)2 (2 + a.0) h (a08)] + 6~A1 (ao) = 0. (5.4) 

One can  see  that  p~ - - - ~  as l - -  co and p** ~ p .  as l ~  l .  = 3o~ -1. 

E x p e r i m e n t a l  da ta  a r e  g iven in [4] on the dependence  of the  r e s idua l  def lec t ions  on the s i z e  of the ex-  
p los ive  loading impu l se  fo r  a h i n g e - s u p p o r t e d  plate.  The e x p e r i m e n t s  w e r e  p e r f o r m e d  on pla tes  made  of A1 
6061-T6  a l u m i n u m  al loy wi th  the  p a r a m e t e r s  a 0 = 28,958-  10 r N / m  2, p = 2704 k g / m  3, R = 10.16 era, and H = 
0.318 c m  and of  CRSteel  1018 s tee l  wi th  the p a r a m e t e r s  a 0 = 27 ,234 .105  N / m  2, p = 7829 k g / m  3, R = 10.16 
cm,  and H = 0.315 cm. It is noted that  the impu l se  was  p r a c t i c a l l y  of r e c t a n g u l a r  shape.  In connec t ion  with 
this  fac t  le t  us adopt the app rox ima t ion  

I P0, �9 < T, 
k-i p ( x ) = ~ p o + k ( ~ ; - - T ) ,  T ~ ' ~ T - - P o  , (5.5) 

( O, x > T-- pc k-i 

for p(T) in connection with the calculations based on Eqs. (5. i)-(5.4). In this connection the total impulse of the 

load is equal to 

I. ---- pc T -- p~ (2k) "i. 

Equation (5.2) with the initial condition a(0) = a 0, which is determinable from (5.3), is solved numerically 
by the fourth-order Runge-Kutta method. The value of a(0) necessary in the calculation is determined from 
the f o r m u l a  

a(O, = *p(O)A,(ao)( l - -a , ){e(I  + 2ao)I0 (ao8)+ [ +  ez ( i  - -  a02) - -  3] I '  (a0e)} lip~ Oil (a,e) _ ~ T  (a,)] - t  

as one can  conv ince  onese l f  f r o m  (5.2) by applying L ' H o s p i t a l ' s  ru le .  We have h (0) = 0 for  a load of  the type under  
d i scuss ion .  Some r e s u l t s  of  the ca lcu la t ions  for  the  p la te  made  of A1 6061-376 al loy wi th  the p a r a m e t e r  values  
indica ted  above and for  k = 300 a r e  given in Figs .  3-5 .  The dependence  of the  m a x i m u m  d i m e n s i o n l e s s  r e s idua l  
de f lec t ion  w~ at the  c e n t e r  of  the  p la te  on the  impu l se  s i ze  I .  is  i l l u s t r a t ed  in Fig. 3 for  a fixed value  of the  
load ampl i tude  P0 = - 0 . 5 .  The dependence  of w~ on the  load ampl i tude  P0 is i l l u s t r a t ed  in Fig.  4 fo r  a f ixed 
value  of  the  impu l se  I .  = - 1. As is evident  f r o m  this plot ,  the r e s idua l  d e f l e c t i o n  of  the  p la te  depends s ign i f i -  
cant ly  not only on the impu l se  s ize ,  but a l so  on the s i ze  of the  load ampl i tude .  T h e r e f o r e ,  d i r e c t  c o m p a r i s o n  
of  the  r e s u l t s  obta ined f r o m  the n u m e r i c a l  ca l cu la t ion  wi th  the  expe r imen ta l  da ta  f r o m  [41 is imposs ib l e ,  s ince  
only the  va lues  of the impu l se s  a r e  g iven  in [4] and the  load ampl i tude  values  a r e  absent .  The  dependence-a(7)  
is i l l u s t r a t ed  in Fig.  5 fo r  the  values  I .  = - 1 and P0 = - 0 . 4 ,  and it is evident  tha t  the  s i z e  of  the r eg ion  c o r r e -  
sponding to the p las t i c  mode  3, 9 in Fig.  1 r e m a i n s  unchanged  p r i o r  to when ~- = T (while the load level  is 
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maintained),  sha rp ly  dec reas ing  with a decline in the load. This region d i sappea r s  only at the instant  the plate 
stops.  
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E L A S T O P L A S T I C  S T R A I N  O F  T H I N  P L A T E S  A N D  S H E L L S  

U N D E R  L I N E A R  H A R D E N I N G  A N D  AN I D E A L  

B A U S C H I N G E R  E F F E C T  

G. V. I v a n o v  UDC539 .3  

The e las top las t ie  s t r a i n  of thin pla tes  and shel ls  is cons idered  in the ca se  when the elongation and shea r s  
a re  smal l  c o m p a r e d  with unity, the hardening is l inear ,  the Bausehinger  effect  is ideal,  and the s t r e s s e s  and 
s t r a in s  a re  re la ted  by equations [1, 2]. In solving p rob l ems  numer ica l ly  by using the equations [1, 2], it is 
n e c e s s a r y  to evaluate  in tegra ls  over  the pla te  (shell) th ickness  and thus to s t o r e  and p r o c e s s ,  r e spec t ive ly ,  
informat ion  about the s t r e s s e s ,  the res idua l  m i c r o s t r e s s e s ,  and the nature  of the s t r a i n  at the s i tes  over  the 
pla te  (shell) th ickness  dur ing the solution. Analogously to the case  of ideal e las toplas t ic  s t r a i n  of pla tes  and 
shel ls  [3], approx imate  equations which contain no s t r e s s e s  and re l a t e  the s t r a i n  d i rec t ly  to the fo rces  and 
moments  a re  fo rmula ted  below in co r r e spondence  to the equations in [1, 2]. The need to evaluate  in tegra ls  
over  the plate  (shell) th ickness  drops  out in solving p rob l ems  by using these  equations,  which s impl i f ies  the 
solution. Numer ica l  expe r imen t s  p e r f o r m e d  for  a number  of s t r a i n  paths of the shel l  e lement  exhibit s a t i s -  
fac tory  ag reemen t  of the approx imate  equations with the equations of [1, 2]. 

w Let  us use  a Lagrange  coordinate  s y s t em,  or thogonal  in the unst ra ined s ta te ,  to wr i t e  the equations. 
For  sma l l  elongations and s h e a r s ,  the s y s t e m  under  cons idera t ion  can be cons idered  orthogonal  in the s t r a i n  
s ta te  as well.  The s t r a i n  and s t r e s s  t e n s o r  components  a re  re la ted  in the case  of e las top las t ic  s t r a in  with 
l inear  hardening and an ideal Bauschinger  effect  (Fig. 1) by the equations [1, 2] 

e~s = (1 + ~,),:r~s - -  3 ~ , 8 ~ / - I -  7n{s, ~ s  = ~s~s; 
= 0 ,  ff 3T 2 < t  or 3T 2 = t ,  T ' < 0 ;  

~ ,>0 ,  ff 3T ~ = f ,  T'=~0; 
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